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Abstract—We investigate the target tracking problem in a
multistatic sensor configuration in which the system uses Doppler
tolerant waveforms (DTW), specifically the linear frequency
modulated (LFM or chirp) waveforms, for target illumination.
DTW introduce a bias to the true time-of-arrival (TOA), as a
result of which the corresponding range measurement accuracy
is degraded when this bias is ignored. It might be thought that
with N sensors measuring the time delays (which have different
combinations of range and range rate vectors) one would have
complete observability from a single frame. However, N such
measurements do not yield the desired observability regardless of
N and the sensor geometry. An important part in the design of a
tracking filter using nonlinear measurements is the initialization:
the initial state estimate should be unbiased and the associated
covariance should be consistent with the errors. This paper
presents a maximum likelihood based method as well as a simpler
iterative bias cancellation method to estimate the target initial
state from two observation frames. The iterative method makes it
possible to obtain unbiased initial position and velocity estimates
by canceling out the Doppler bias. Simulation results confirm that
both estimators are efficient and the filter initialized by either
estimator is statistically consistent. We also analyze the effect
of the range-Doppler coupling coefficient on the performance of
the filter. As is so often the case, the positive coefficient (which
corresponds to upsweep) is shown to be superior to the negative
one (downsweep).

I. INTRODUCTION

The Doppler effect has to be considered in tracking moving

objects when its impact on the measurement accuracy is

comparable to or larger than the ubiquitous measurement

noise. Current radar or sonar systems employ Doppler tolerant

waveforms (DTW) [1], such as linear frequency modulated

(LFM) chirp waveforms, for time-of-arrival (TOA) or range

measurements. DTW possess a desirable target detection ro-

bustness but, unfortunately, introduce a nontrivial bias to the

measurement, which is referred to as range-Doppler coupling

[5][7].
Some studies related to this phenomenon have appeared in

the literature. The tracking problem of a target moving in one-

dimensional space with Doppler-biased range-only measure-

ments in a monostatic system is presented in [5] and [8]. The
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Doppler bias is proportional to the range rate and as a result

the measured delay is a linear combination of target position

and velocity.

In a multistatic tracking system with TOA measurements,

the true range from each transmitter and receiver pair con-

sists of the distance along the transmitter-target-receiver path,

which is inherently a nonlinear function of target position.

The measurement equation becomes even more complicated

with the Doppler bias taken into consideration. In [7], range-

Doppler coupling in a two-dimensional scenario (motion in

a plane) was modeled. The closed form of the posterior

Cramér-Rao bound for the multistatic tracking system with

TOA measurements was derived. The localization problem

with Doppler-biased TOA measurements was investigated in

[6]. In that work the Fisher information matrix (FIM) for joint

position and velocity estimation was derived and shown to be

singular when using multistatic measurements from N sensors

based on a single emitter transmission, i.e., a single frame,

regardless of the geometry of the N sensors.

In this paper, the problem of target tracking with Doppler-

biased TOA measurements in a two-dimensional multistatic

configuration is considered. Two methods are proposed to

initialize the tracking filter from two measurement frames.

The first one is based on the conventional approach using

the likelihood function and the second one adopts the novel

concept of iterative bias cancellation which leads to a simpler

procedure that only requires a two-dimensional search as

opposed to a four-dimensional one in the first method. The two

procedures yield estimates of the same quality and consistency

— their calculated covariances match the actual errors. The

root mean squared error (RMSE) of position and velocity

estimation are examined for the tracking filter — an extended

Kalman filter (EKF) [4] — initialized by both methods. The

normalized estimation error squared (NEES) [4] of the entire

state estimate shows that the filter is statistically consistent,

starting right from the initialization, in both cases. Further-

more, the impact of the range-Doppler coupling coefficient

on the steady-state estimation error is analyzed using both

upsweep and downsweep LFM waveforms.



The remaining sections of this paper are organized as

follows. Section II describes and formulates the problem.

Section III presents the two initialization methods in detail.

Section IV shows simulation results and Section V draws

conclusions.

II. PROBLEM FORMULATION

We are interested in tracking a nearly constant velocity

target in a two-dimensional plane using one transmitter with

known position u = [xu, yu]
′ and N sensors with known po-

sitions si = [xi, yi]
′, i = 1, 2, . . . , N, in Cartesian coordinates.

The state

x = [x, y, ẋ, ẏ]′ (1)

of the moving target is assumed to evolve according to a

discrete white noise acceleration model ([4], Section 6.3.2).

The measurement from each transmitter and ith sensor pair is

zi(k) = hi[x(k)] + wi(k)

= τi[θ(k)] + bi[θ(k), θ̇(k)] + wi(k)

i = 1, 2, . . . , N ; k = 0, 1, . . . (2)

where wi(k), i = 1, 2, . . . , N are independent and identically

distributed zero-mean white Gaussian measurement noises

with variance σ2
w; τi[θ(k)] is the true delay of the signal

traveling from the transmitter to the target and then reflected

to the ith sensor, and it is given by

τi[θ(k)] =
1

c
(‖θ(k)− si‖+ ‖θ(k)− u‖) (3)

where c is the signal propagation speed (assumed known), ‖·‖
denotes the Euclidean norm, and

θ(k) = [x(k), y(k)]′ (4)

is the position vector of the moving target at time instant

k; bi[θ(k), θ̇(k)] is the measurement bias resulting from the

Doppler effect of the moving target, where

θ̇(k) = [ẋ(k), ẏ(k)]′ (5)

is the velocity vector of the moving target at time instant k.

With the linear frequency modulation scheme employed in

many radar and sonar systems, the bias is

bi[θ(k), θ̇(k)] =
κ

c
ṙi[θ(k), θ̇(k)] (6)

where κ is the range-Doppler coupling coefficient, which, for

an LFM waveform with pulse width Tp, start frequency f1
and end frequency f2, is given by [7]

κ =
Tp(f2 + f1)

2(f2 − f1)
(7)

ṙi[θ(k), θ̇(k)] is the range rate, which is a function of the

position θ(k) and velocity θ̇(k) of the moving target, and is

given by

ṙi[θ(k), θ̇(k)] =
[θ(k)− si]

′θ̇(k)
‖θ(k)− si‖ +

[θ(k)− u]′θ̇(k)
‖θ(k)− u‖ (8)

It can be seen from (7) that for f2 > f1 (upsweep), κ > 0
and for f2 < f1 (downsweep), κ < 0. This will be seen later

to have a significant impact on the tracking results.
In compact form, the measurement equation can be written

as

z(k) = h[x(k)] +w(k) (9)

where

z(k) = [z1(k), z2(k), . . . , zN (k)]′ (10)

h[x(k)] = [h1[x(k)], h2[x(k)], . . . , hN [x(k)]]
′

(11)

and

w(k) = [w1(k), w2(k), . . . , wN (k)]′ (12)

with

E[w(k)w(k)′] = diag([σ2
w, σ

2
w, · · · , σ2

w]) = R (13)

III. FILTER INITIALIZATION

Initialization of the filter is crucial in this problem since the

measurement is nonlinear and contains a Doppler bias. The

initialization (of position and velocity) from a single frame

of measurements was shown in [6] to be not feasible due

to the singularity of the FIM. Two initialization methods are

proposed in this paper. One, more conventional, method is

“Two-Frame Maximum Likelihood” (2FML), which obtains

the initial estimate as the maximum likelihood (ML) estimate

based on two consecutive frames of measurements1, and the

other is a novel method named “Iterative Bias Cancellation”

(IBC) using also two frames. As the name implies, the latter

starts with a biased estimate and ends up with a practically

unbiased one through an iterative cancellation of the bias.

A. Initialization from a single frame of measurements
The likelihood function of the initial state

x(0) = [θ(0)′, θ̇(0)′]′ (14)

based on a single measurement zi(0) from the ith sensor is

(with the time arguments from x(0), θ(0) and θ̇(0) not shown

for simplicity)

p[zi(0)|x] = 1√
2πσw

· exp

⎛
⎜⎝−

[
zi(0)− τi(θ)− bi(θ, θ̇)

]2
2σ2

w

⎞
⎟⎠ (15)

Since wi(0)’s are independent, the likelihood function of the

initial state based on a single frame of measurements is given

by

Λ1(x) =

N∏
i=1

p[zi(0)|x] (16)

The initial state ML estimate is therefore

x̂SFML(0|0) = argmax
x

Λ1(x) (17)

1The indices of these frames will be chosen for convenience as -1 and 0,
with the initial state estimate pertaining to time 0.



The corresponding FIM is defined as [4]

J1 = E {[∇x ln Λ1(x)][∇x ln Λ1(x)]
′}|x=x(0)

≈ E {[∇x ln Λ1(x)][∇x ln Λ1(x)]
′}|x=x̂SFML(0|0) (18)

Equation (18) can be simplified to

J1 =
1

c2κ2

N∑
i=1

[
hi + κdi

κhi

] [
hi + κdi

κhi

]′
(19)

where

hi =
θ − si

‖θ − si‖ +
θ − u

‖θ − u‖ (20)

di =
θ̇

‖θ − si‖ − (θ − si)(θ − si)
′θ̇

‖θ − si‖3

+
θ̇

‖θ − u‖ − (θ − u)(θ − u)′θ̇
‖θ − u‖3 (21)

In a practical scenario, the target moves slowly (‖κdi‖ is

small) and is generally far away from the sensors, we have

‖κdi‖ � ‖hi‖ ≤ 2 (22)

then (19) becomes ill-conditioned. The condition number is 6

or higher and this yields velocity CRLB standard deviation of

200 m/s2 in a typical scenario, i.e., useless.

B. Initialization via Two-Frame Maximum Likelihood (2FML)

The likelihood function of the initial state x(0) based on

the first two consecutive frames of measurements z(−1) and

z(0) is [3]

Λ2(x) =

N∏
i=1

p[zi(0)|x]
N∏
i=1

p[zi(−1)|x] (23)

where p[zi(0)|x] is given by (15) and assuming that

θ̇(−1) ≈ θ̇(0) = θ̇ (24)

i.e., ignoring the process noise, one has

p[zi(−1)|x] = 1√
2πσw

· exp

⎛
⎜⎝−

[
zi(−1)− τi(θ − T θ̇)− bi(θ − T θ̇, θ̇)

]2
2σ2

w

⎞
⎟⎠ (25)

where T is the sampling period. The initial state estimate based

on frames -1 and 0 is, using (23), therefore

x̂2FML(0|0) = argmax
x

Λ2(x) (26)

The corresponding initial state covariance matrix

P 2FML(0|0) will be set to the Cramer-Rao Lower Bound

(CRLB) J−1
2 as

P 2FML(0|0) = J−1
2 (27)

where J2 is the FIM defined as

J2 = E {[∇x ln Λ2(x)][∇x ln Λ2(x)]
′}|x=x(0)

≈ E {[∇x ln Λ2(x)][∇x ln Λ2(x)]
′}|x=x̂2FML(0|0) (28)

The equality in (27), i.e., the efficiency of the 2FML estimator

will be ascertained later via Monte Carlo simulations.

C. Initialization via Iterative Bias Cancellation (IBC)
With the measurement bias term bi[θ(k), θ̇(k)] in (2) ig-

nored in the modeling, the likelihood function of the initial

position vector θ(0) based on the initial measurement z(0) is

Λb(θ) =

N∏
i=1

1√
2πσw

exp

(
− [zi(0)− τi(θ)]

2

2σ2
w

)
(29)

The biased ML (which is termed Quasi ML in [6]) position

estimate from (29) is (iteration 0)

θ̂0(0) = argmax
θ

Λb(θ) (30)

Similarly, the biased estimate θ̂0(−1) of the position vector

θ(−1) can be obtained. Two-point differencing gives the

velocity estimate (iteration 0)

ˆ̇
θ0(0) =

θ̂0(0)− θ̂0(−1)

T
(31)

Assuming that T is short, the two positions θ(0) and θ(−1)
are close to each other and, similarly θ̇(0) ≈ θ̇(−1).
As a result, the measurement biases bi[θ(0), θ̇(0)] and

bi[θ(−1), θ̇(−1)] are approximately equal to each other and

the biases in the estimates θ̂0(0) and θ̂0(−1) are expected to

cancel out when the subtraction (31) is performed. Therefore
ˆ̇
θ0(0) from (31) can be assumed to be close to the true

velocity vector θ̇(0). Taking the Doppler caused by
ˆ̇
θ0(0)

into consideration, the approximate likelihood function of the

initial position vector θ(0) = θ can be rewritten as

Λa(θ) =
N∏
i=1

1√
2πσw

· exp

⎛
⎜⎝−

(
zi(0)− τi(θ)− bi[θ,

ˆ̇
θ0(0)]

)2

2σ2
w

⎞
⎟⎠ (32)

The position estimate for k = 0 based on (32) is (iteration 1)

θ̂1(0) = argmax
θ

Λa(θ) (33)

Similarly, for k = −1, ignoring the process noise, one has

(iteration 1)

θ̂1(−1) = argmax
θ

[
N∏
i=1

1√
2πσw

· exp

⎛
⎜⎝−

(
zi(−1)− τi(θ)− bi[θ,

ˆ̇
θ0(0)]

)2

2σ2
w

⎞
⎟⎠
⎤
⎥⎦ (34)

The velocity estimate by two-point differencing is then (iter-

ation 1)

ˆ̇
θ1(0) =

θ̂1(0)− θ̂1(−1)

T
(35)



TABLE I
LFM SPECIFICATIONS

Tp (s) f1 (kHz) f2 (kHz) κ (s)

upsweep 0.1 9 11 0.5

downsweep 0.1 11 9 -0.5

If

‖ˆ̇θ1(0)− ˆ̇
θ0(0)‖

‖ˆ̇θ1(0)‖
≤ δ (36)

then the initial state estimate is

x̂IBC(0|0) = [θ̂(0|0)′, ˆ̇θ(0|0)′]′ = [θ̂1(0)′, ˆ̇θ1(0)′]′ (37)

where δ is a decision threshold, and

b̂i(0) = bi[θ̂
1(0),

ˆ̇
θ1(0)] (38)

is the estimate of the true bias bi[θ(0), θ̇(0)].
Otherwise, the estimation is iterated using (32)–(35) using

the latest velocity estimate until

‖ˆ̇θ�(0)− ˆ̇
θ�−1(0)‖

‖ˆ̇θ�(0)‖
≤ δ (39)

The corresponding initial state covariance matrix P IBC(0|0)
is set to the CRLB given by

P IBC(0|0) = J−1
3 (40)

with the FIM evaluated at x̂IBC(0|0) as

J3 = E {[∇x ln Λ(x)][∇x ln Λ(x)]
′}|x=x̂IBC(0|0) (41)

The use of the CRLB based covariance, i.e., the efficiency of

the estimator (37) is verified in the simulations.

IV. SIMULATION RESULTS

The first-order EKF is used for target tracking since the

measurement function h[x(k)] in (9) is nonlinear.

A. Scenario

Assume the system has both upsweep and downsweep LFM

waveforms, whose parameters are given in Table I, available

for target illumination. The transmitted signal travels at speed

c = 1500m/s. Within a region of interest, one transmitter is

located at the point (700 m, 600 m) and ten sensors (N = 10)

are located at the coordinates given in Table II and shown in

Figure 1. The target starts a constant velocity motion from the

point (-200 m, 800 m) in the positive x-direction with a speed

of 20 m/s, that is, x(0) = [−200, 800, 20, 0]′, as illustrated in

Figure 1. The x-direction and y-direction process noises are

assumed to be independent and identically distributed with

a standard deviation 0.1 m/s2. The sensors are synchronized

and acquire time delay measurements every 1 s during a 100 s

period in the presence of noise, which has a standard deviation

of 0.001 s.
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−500
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1500

2000
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Transmitter
Sensors
Target trajectory

Fig. 1. The target trajectory (without the process noise) in the multistatic
configuration

B. Consistency of 2FML and IBC for initialization

Table III lists the RMSE and sample average NEES of the

initial state estimate for each state component and the corre-

sponding square root of diagonal entries of initial covariance

matrix obtained over 100 Monte Carlo runs using 2FML and

IBC, respectively, when the downsweep LFM waveform is

used and the process noise is accounted for. For both methods,

the initial covariance matrix is calculated based on the FIM.

Theoretically, the FIM should be evaluated at the true state; but

this is not available in practice, hence the FIM is evaluated at

the estimated state instead. The FIM evaluated at the estimated

state is shown in Table III to be practically identical to that

evaluated at the true state. NEES is used to test the consistency

of both initialization estimators. The sample average NEES of

each initial state component xi(0) over 100 Monte Carlo runs

is given by

ε̄i(0) =
1

100

100∑
j=1

x̃i
j(0|0)′Pii

j(0|0)−1x̃i
j(0|0) (42)

where

x̃i
j(0|0) = xi(0)− x̂i

j(0|0) (43)

As shown in Table III, for both initialization methods, the

sample average NEES of each initial state component falls

within the two-sided 95% region, which is [0.74, 1.30].

Moreover, the sample average NEES for the entire state x(0)
over 100 Monte Carlo runs, which is given by

ε̄(0) =
1

100

100∑
j=1

x̃j(0|0)′P j(0|0)−1x̃j(0|0) (44)

where

x̃j(0|0) = x(0)− x̂j(0|0) (45)

are 4.112 and 4.476 for 2FML and IBC, respectively. Both

are inside the two-sided 95% probability region [3.46, 4.57].

Therefore both estimators are considered statistically consis-



TABLE II
SENSOR LOCATIONS

i 1 2 3 4 5 6 7 8 9 10

xi(m) 1000 0 500 0 200 400 700 1000 1400 1500

yi(m) 0 1500 -100 0 500 1000 1200 1000 200 1500

TABLE III
INITIALIZATION WITH 2FML AND IBC USING DOWNSWEEP LFM OVER 100 RUNS

2FML IBC

i RMSE
√

Pii(0|0)
∣
∣∣
x=x(0)

√
Pii(0|0)

∣
∣∣
x=x̂(0|0)

NEES RMSE
√

Pii(0|0)
∣
∣∣
x=x(0)

√
Pii(0|0)

∣
∣∣
x=x̂(0|0)

NEES

1 0.462 0.478 0.478 0.935 0.469 0.478 0.478 0.964
2 1.157 1.242 1.242 0.868 1.247 1.242 1.242 1.009
3 0.422 0.424 0.424 0.992 0.445 0.424 0.424 1.103
4 1.053 1.110 1.110 0.899 1.089 1.110 1.110 0.963
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Fig. 2. RMSE for position (2D) and velocity (2D) estimation over 100 runs with downsweep LFM waveform

tent using the CRLB based covariance — one has statistical

efficiency.

In view of the above, the IBC procedure compensates for

the bias so the range estimate is practically unbiased and the

CRLB covariance can be used as the actual covariance. It was

also found that the number of iterations needed is only 1 for

all the 100 runs when the decision threshold δ is chosen to

be 0.00005, which shows the low computational cost required

for IBC.

C. Consistency of the tracking filter

Figure 2 presents the RMSE for position and velocity

estimation during the entire tracking period using the two

initialization methods, over 100 Monte Carlo runs. 2FML and

IBC yield practically the same performance. Since IBC is

simpler, it is used in the sequel.

The NEES of the entire state x(k), which is given by

ε(k) = x̃(k|k)′P (k|k)−1x̃(k|k) (46)

is used for the consistency test of the designed filter. Figure 3
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Fig. 3. NEES with two-sided 95% probability region over 100 runs with
downsweep waveform
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Fig. 4. RMSE for position and velocity estimation over 100 runs with σv = 0.1 m/s2 (maneuvering index λ = 0.067)
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Fig. 5. RMSE for position and velocity estimation over 100 runs with σv = 0.5 m/s2 (maneuvering index λ = 0.33)

shows the NEES at each sampled time instant obtained over

100 Monte Carlo runs. The two-sided 95% probability region

for the 4-dimensional state is [3.46, 4.57]. For 2FML and IBC,

3 and 1 out of 101 points fall outside the interval, respectively.

Therefore, the filter with either of the initialization methods

can be accepted as a consistent filter.

The results shown so far all correspond to the downsweep

LFM waveform. The same conclusions apply for the upsweep

LFM waveform with regards to the consistency of both the

initialization estimators and the tracking filter initialized by

the estimators as well as the practical cancellation of the bias

by IBC.

D. The impact of the coupling coefficient κ: upsweep vs.
downsweep

As shown in [8], the positive range-Doppler coupling coeffi-

cient κ results in better tracking performance than the negative

one in the monostatic configuration. The superiority of the

positive coefficient κ (upsweep LFM) is also found in the

multistatic configuration. Figures 4 and 5 show the impact of

κ on the steady-state position and velocity estimation errors

under two different levels of process noise (σv = 0.1 m/s2 and

σv = 0.5 m/s2), which correspond to two different maneuvering

indices λ (see, e.g., [4] for the definition of λ). The upsweep

LFM performs slightly better (25% in position RMSE) than

the downsweep one on a target with low maneuvering index (λ
= 0.067) and can achieve a reduction of 50% position RMSE

as the maneuvering index increases to 0.33.

The reason for the above is that the positive coupling
coefficient yields a negative correlation between the range and

range rate errors from the measurements, which leads to partial

cancellation of the positive correlation in the filter prediction

(see equation (6.5.3-21) in [4]). This was earlier brought up

in [2] for the case where range and range rate are extracted

separately and the correlation of their measurement noises can



be positive or negative. As here, the negative correlation is

preferred.

V. CONCLUSIONS

Doppler tolerant waveforms like LFM employed in current

radar or sonar systems cause the range obtained from time-

of-arrival measurement to be biased by the Doppler effect.

Two methods, Two-Frame Maximum Likelihood (2FML) and

Iterative Bias Cancellation (IBC), were proposed to initialize

the tracking filter, which is a first-order EKF algorithm for

the tracking of a moving target in a two-dimensional space

in a multistatic configuration using LFM waveforms. Both

2FML and IBC are statistically efficient estimators, i.e., their

errors meet the CRLB. The novel initialization method IBC

can successfully remove the Doppler bias through a simple

iterative cancellation. It was shown that one iteration achieves

practically the cancellation. Monte Carlo simulations show

the tracking filter initialized by either method is statistically

consistent. The upsweep LFM waveform corresponding to a

negative correlation between the range and range rate errors

from the measurements leads to a lower estimation error than

the downsweep LFM waveform.
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